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If the Chern–Simons theory is the appropriate gauge theory for the gravitational interaction, then these
theories must satisfy the correspondence principle, namely they must be related to General Relativity.
In this Letter a ﬁve-dimensional Chern–Simons action invariant under the generalized Poincaré algebra
B5 is constructed and then it is proved that the corresponding gauged Wess–Zumino–Witten term
contains the Einstein–Hilbert action. In the same way, we show that a ﬁve-dimensional Chern–Simons
action, invariant under the Maxwell algebra B4, induces a gauged Wess–Zumino–Witten term that
coincides with the four-dimensional topological gravity.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
The most general gravitational theory in D > 4 that satisﬁes the
requirements of general relativity is known as the Lovelock’s La-
grangian [1,2]. It is a polynomial of degree [D/2] in the Lorentz
curvature, with a large number of arbitrary, dimensionful con-
stants, in contrast with the two constants of the Einstein–Hilbert
theory.
In Ref. [4] it was found that the parameters can be ﬁxed in
terms of the gravitational and the cosmological constant by requir-
ing that the theory has the maximum number of freedom degrees.
This imposition leads, in the odd-dimensional case, to a Chern–
Simons action invariant under the AdS group.
Chern–Simons gravity theories [3,5–7] have been extended by
using transgression forms instead of Chern–Simons forms as ac-
tions [8–15]. Chern–Simons and Transgression gravity theories are
deﬁned only in odd dimensions, and therefore in order to construct
a well deﬁned even-dimensional theory it would be necessary
some kind of dimensional reduction mechanism or compactiﬁca-
tion.
If a Chern–Simons theory is the appropriate odd-dimensional
gauge theory to provide a framework for the gravitational interac-
tion, then it must lead somehow to General Relativity dynamics in
D = 4 (Correspondence Principle).
In Ref. [16], subsequently in Ref. [17–19] and most recently
in Ref. [20], it was pointed out that Chern–Simons theories are
connected with even-dimensional gravity theories trough gauged
Wess–Zumino–Witten (gWZW) terms and topological defects. In
* Corresponding author.http://dx.doi.org/10.1016/j.physletb.2014.03.038
0370-2693/© 2014 The Authors. Published by Elsevier B.V. This is an open access article
SCOAP3.this Letter it will be shown a similar but different procedure,
where the gWZW mechanism for getting D = 4 gravity does make
use of enlarged symmetries.
These enlarged symmetries have an interesting origin. In
Ref. [21] it was shown that the S-expansion procedure leads to
the construction of Chern–Simons gravities in odd dimensions, in-
variant under the generalized Poincaré algebras (called B algebras
in [21]). The important feature of these enlarged symmetries is
that starting from the Chern–Simons theory, they lead to Einstein–
Hilbert gravity in a certain limit (in the same odd dimension).
The purpose of this article is to show that a ﬁve-dimensional
Chern–Simons action invariant under the generalized Poincaré al-
gebra B5 [21] induces a gauged Wess–Zumino–Witten term con-
taining Brans–Dicke action terms in D = 4. It is also shown
that a ﬁve-dimensional Chern–Simons action, invariant under the
Maxwell algebra B4 induces a gauged Wess–Zumino–Witten term
in D = 4 of the form1
ξεabcdR
abRcd, (1)
where ξ corresponds to some 4-dimensional scalar ﬁeld.
This paper is organized as follows: In Section 2 we review
some aspects of transgression forms and the subspace separation
method [14]. In Section 3 we construct a ﬁve-dimensional Chern–
Simons action, invariant under the Maxwell algebra B4. Then
it is shown that the corresponding gauged Wess–Zumino–Witten
term coincides with the topological gravity of Chamseddine [3] in
four dimensions. In Section 4 it is shown that a ﬁve-dimensional
1 In this Letter we will omit the symbol “∧” in between differential forms.under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by
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gebra B5 [21] induces a gauged Wess–Zumino–Witten term con-
taining Brans–Dicke action terms in D = 4. We ﬁnish with some
comments and an appendix.
2. Transgression forms and extended Cartan homotopy formula
In the construction of gWZW, we will use extensively Trans-
gression forms, Chern–Simons forms and associated boundary
terms. Their relationship with topological densities can be de-
scribed as follows. From Refs. [22,14] we know that a “restricted”
version of the extended Cartan homotopy formula is given by
∫
∂T p+1
lpt
p!
〈
Fn+1t
〉= (−1)pd
∫
T p+1
lp+1t
(p + 1)!
〈
Fn+1t
〉
, (2)
where lpt is the so-called “homotopy derivation” and T p+1 is a
(p + 1)-dimensional oriented simplex.
The Chern–Weil theorem corresponds to the case p = 0. In fact,
setting p = 0 in Eq. (2) one ﬁnds
〈
Fn+11
〉− 〈Fn+10 〉= dL(2n+1)T (A1, A0), (3)
where the transgression form L(2n+1)T (A0, A1) is deﬁned by
L(2n+1)T (A0, A1) =
∫
T1
lt
〈
Fn+1t
〉
= (n + 1)
1∫
0
dt
〈
(A0 − A1)Fnt
〉
. (4)
The so-called “triangle equation” corresponds to the case p = 1.
In fact, setting p = 1 in Eq. (2),
L(2n+1)T (A1, A0) = L(2n+1)T (A1, A2) + L(2n+1)T (A2, A0)
+ dQ 2n(A1, A2, A0), (5)
where
Q 2n(A1, A2, A0)
= n(n + 1)
1∫
0
dt
t∫
0
ds
〈
(A1 − A2)(A2 − A0)Fn−1st
〉
, (6)
and where Fst is the two-form curvature constructed from the
one-form gauge connection
Ast = A0 + s(A1 − A2) + t(A2 − A0). (7)
Eq. (5) is useful to get Chern–Simons forms that include the
boundary term. In fact, without any loss of generality, it is always
possible to impose A0 = 0 so that the transgression form becomes
the difference of two Chern–Simons forms plus a boundary term:
L(2n+1)T (A1, A2) = L(2n+1)T (A1,0) − L(2n+1)T (A2,0)
− dQ 2n(A1, A2,0), (8)
i.e.,
L(2n+1)T (A1, A2) = L(2n+1)ChS (A1) − L(2n+1)ChS (A2)
− dQ 2n(A1, A2,0), (9)
withQ 2n(A1, A2,0) = n(n + 1)
1∫
0
dt
t∫
0
ds
〈
(A1 − A2)(A2)Fn−1st
〉
Ast = s(A1 − A2) + t A2 = sA1 + (t − s)A2. (10)
3. gWZW term and Maxwell algebra
In the following sections, we will work with the Maxwell
algebra and some generalizations of it. In order to work with
these symmetries we will follow the method of Lie algebras
S-expansions, which is based on semigroup structures acting on
Lie algebras [23,15]. The reason to proceed this way is that the
S-expansion procedure provides us with an invariant tensors for
the enlarged algebras in an straightforward way. This invariant
polynomial is the essential ingredient to construct a gauge invari-
ant theory (gravity in this case).
However, it is very worth mentioning that recently this kind
of algebras and their supersymmetric extensions have received re-
newed interest (see for instance Refs. [26–29]) in terms of better
known procedures (Lie algebra expansion, see Refs. [30–33]).
3.1. Five-dimensional Chern–Simons Lagrangian invariant under the
Maxwell algebra
The generators of the AdS = so(D − 1,2) algebra satisfy the fol-
lowing commutation relations
[ J˜ab, J˜ cd] = ηbc J˜ad + ηad J˜bc − ηac J˜bd − ηbd J˜ac,
[ J˜ab, P˜ c] = ηbc P˜a − ηac P˜b,
[ P˜a, P˜b] = J˜ab. (11)
Following the deﬁnitions of Ref. [23] let us consider the
S-expansion of the Lie AdS algebra using as a semigroup S(2)E ={λ0, λ1, λ2, λ3} endowed with the multiplication rule
λαλβ =
{
λα+β when α + β  3,
λ3 otherwise.
(12)
After extracting what in Ref. [23] is called a resonant and re-
duced subalgebra, it is possible to ﬁnd the B4 algebra,
[ Jab, Jcd] = ηbc Jad + ηad Jbc − ηac Jbd − ηbd Jac,
[ Jab, Pc] = ηbc Pa − ηac Pb, [Pa, Pb] = Zab,
[ Jab, Zcd] = ηbc Zad + ηad Zbc − ηac Zbd − ηbd Zac
[Zab, Pc] = 0, [Zab, Zcd] = 0. (13)
This algebra coincides with the Maxwell algebra [24,25]; it
was also obtained in Refs. [26,27] using the expansion proce-
dure [30–33].
In order to construct a gauge theory for a given symmetry alge-
bra, the main ingredient is the invariant tensor associated to such
symmetry. Provided of a matrix representation for the Lie algebra,
a popular way of constructing this invariant tensor is using the
trace of the product of generators. However, in the case of alge-
bras which arise from the S-expansion procedure, there are more
general constructions.
In fact, using Theorem VII.2 of Ref. [23] (see also Appendix A),
it is possible to show that provided of an invariant tensor
〈T A1 · · · T An 〉 for the original algebra (AdS in the current case), then
it is possible to deﬁne a new invariant tensor 〈T(A1,i1) · · · T(An,in)〉
for the new S-expanded algebra (the Maxwell algebra in the cur-
rent case). This tensor is given by the expression
〈T(A1,i1) · · · T(An,in)〉 = α j Ki1···in j〈T A1 · · · T An 〉,
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ments of the semigroup S ,
Kii ···in
j =
{
1 when λi1 · · ·λin = λ j
0 otherwise.
This general construction lead in the case of the Maxwell al-
gebra (or B4 algebra) to the non-vanishing components of the
invariant tensor
〈 Jab Jcd Pe〉 = 43α1	
3εabcde, (14)
where α1 is a arbitrary constant of dimensions [length]−3. The
symbol 	 denotes a constant with units of length, which is going
to be associated to the fünfbein.
In order to write down a Chern–Simons gravity Lagrangian for
the Maxwell algebra, we use the subspace separation method in-
troduced in Ref. [14]. The purpose of the method is being able to
write down the Chern–Simons Lagrangian in a way in which its
gauge invariance is more manifest. In principle, this simple task
would require endless integrations by parts in order to separate
the Chern–Simons form in a bulk piece and a boundary piece.
However, it can be done much more directly using Eq. (5), as it
is explained in Ref. [14].
Since the Maxwell B4 is spanned by the generators Jab, Zab, Pa
we can associate to each generator a particular subspace of the
Maxwell algebra.
We choose an intermediate connection A¯ using the subspace
structure,
A0 = 0, (15)
A1 = A = e +ω + k = 1
	
ea Pa + 1
2
ωab Jab + 12k
ab Zab, (16)
A2 = A¯ = ω + k = 1
2
ωab Jab + 12k
ab Zab. (17)
Here ea is identiﬁed with the fünfbein 1-form, and 	 does cor-
respond to a length parameter we have to introduce in order to
have dimensional consistency (the 1-form connection has to be di-
mensionless).
From Eq. (5) it is possible to write down the Chern–Simons La-
grangian as
L(5)ChS(A) = L(5)T (A,0)
= L(5)T (A, A¯) + L(5)T ( A¯,0) + dQ 4(A, A¯,0). (18)
It is straightforward to prove that
L(5)T (A, A¯) = α1	2εabcde RabRcdee, (19)
L(5)T ( A¯,0) = L(5)ChS( A¯) = 0, (20)
Q 4(A, A¯,0) = 2〈eωR〉 + 3
4
〈
eω[ω,ω]〉, (21)
and therefore, the Chern–Simons Lagrangian is given by
L(5)ChS(A) = α1	2εabcde RabRcdee + d
[
2〈eωdω〉 + 3
4
〈
eω[ω,ω]〉
]
.
(22)
It is worth mentioning that the Chern–Simons form remains
invariant under different choices for the intermediate connection
A¯. Other choices will lead to different separations of the bulk and
boundary piece, but the complete Chern–Simons form will remain
the same. Eq. (16) choice has the advantage of showing explicitly
the Lorentz invariance of the Chern–Simons form.3.2. Gauged Wess–Zumino–Witten term
The gWZW action can be deﬁned in terms of the transgression
form Lagrangian as
SgWZW(φ, A) = κ
∫
M2n+1
L(2n+1)T
(
Az, A
)
,
where A and Az are two 1-form connections, related by the gauge
transformation induced by the element z = exp(φ) of the symme-
try group,
Az = z−1(d + A)z.
Here it is necessary to remark that in general z is not just any ele-
ment of the symmetry group G . Given an stability subgroup H ⊂ G ,
z must belong to the quotient space z ∈ G/H . In order to calcu-
late the 4-dimensional Maxwell-algebra gWZW term, let us start
considering the difference between two Chern–Simons 5-forms,
constructed with the two Maxwell algebra connections
A = 1
	
ea Pa + 1
2
ωab Jab + 12k
ab Zab
and
Az = 1
	
V a Pa + 1
2
Wab Jab + 12 K
ab Zab.
In the current case, the stability group H elements are of the
form exp( 12λ
ab Jab + 12κab Zab). Therefore, we must choose a group
element of the form
z = e− 1	 φa Pa ∈ G
H
in order to perform the gWZW gauge transformation.
In order to perform the explicit calculation we use the identi-
ties [34]
eX Y e−X = eX ∧ Y ; eXδe−X = 1
X
(
1− eX )∧ δX, (23)
where X ∧ Y = [X, Y ].
This way, using the algebra (13) it is possible to write down a
closed expression for the 1-form connection Az ,
Az = 1
	
(
ea − Dφa)Pa + 1
2
ωab Jab
+ 1
2
(
kab − 1
2	2
φ[adφb] + 1
	2
φ[aeb] + 1
2	2
φ[aφcωc|b]
)
.
(24)
Therefore, we have the components
V a = ea − Dφa; Wab = ωab;
Kab = kab + 1
	2
φ[a
(
eb] − 1
2
Dφb]
)
, (25)
and the gauged Chern–Simons action principle is given by
L(5)ChS
(
Az
)= α1	2εabcde RabRcdV e + d
[
2〈Vωdω〉 + 3
4
〈
Vω[ω,ω]〉
]
= L(5)ChS(A) − α1εabcde RabRcdDφe
− d
[
2
〈
(e − V )ωdω〉+ 3
4
〈
(e − V )ω[ω,ω]〉
]
. (26)
The difference between the two Chern–Simons forms is given
by
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(
Az
)
= α1	2εabcde RabRcdDφe
+ d
[
2
〈
(e − V )ωdω〉+ 3
4
〈
(e − V )ω[ω,ω]〉
]
, (27)
from which we see that this difference is an exact form. Further-
more, the last boundary term in Eq. (9) is given precisely by
Q 4
(
A, Az,0
) = 6
1∫
0
dt t
〈
(e − V )ω
(
t dω + 1
2
t2[ω,ω]
)〉
= 2〈(e − V )ωdω〉+ 3
4
〈
(e − V )ω[ω,ω]〉. (28)
Introducing all these results in (9) we have
L(5)T
(
A, Az
)= α1	2εabcde RabRcdDφe
= d[α1	2εabcde RabRcdφe], (29)
and therefore the gWZW action is given by
S
(
Az, A
)= κ
∫
M5
L(5)T
(
Az, A
)= 1
4
κα1	
2
∫
M5
d
(
εabcde R
abRcdφe
)
= 1
4
κ ′
∫
M4
εabcde R
abRcdφe. (30)
This result can be interpreted as a valid action for a four-
dimensional manifold M4 which corresponds to the boundary
of M5.
When the ﬁeld φa is space-like in D = 5, it is possible to
write down the gWZW term in a more appealing way from a
4-dimensional point of view. Let us rotate the fünfbein ea in such
a way that in each point of space the vectorial ﬁeld φa has com-
ponents
φ4 	= 0, φi = 0,
breaking this way a little bit of the explicit 5-dimensional Lorentz
invariance. Let us deﬁne now ξ ≡ φ4 and let us use i = 0,1,2,3.
Then, it is possible to write down the gWZW action as
SgWZW = 1
4
κ ′
∫
M4
ξεi jkl R
i j Rkl.
Further comments on the properties of this action principle are in
order; they can be found at the conclusions.
4. Brans–Dicke-like action with cosmological constant as a
gWZW term
In Ref. [21] it was shown that the Maxwell algebra belongs to
a wider family of algebras originated from the AdS algebra trough
S-expansions. In the following sections, we will make use of an-
other algebra in the same family (labeled as B5 in Ref. [21])
in order to construct the gWZW term. It will lead us to a four-
dimensional Brans–Dicke-like action principle.
4.1. Five-dimensional Chern–Simons Lagrangian invariant underB5
algebra
The generators of the AdS = so(D − 1,2) algebra satisfy (11).
From Ref. [21] we know that the B5 algebra can be obtained from
AdS by S(3)-expansion, as a reduced resonant subalgebra,E[ Jab, Jcd] = ηbc Jad + ηad Jbc − ηac Jbd − ηbd Jac,
[ Jab, Pc] = ηbc Pa − ηac Pb,
[ Jab, Zcd] = ηbc Zad + ηad Zbc − ηac Zbd − ηbd Zac,
[ Jab, Zc] = ηbc Za − ηac Zb, [Pa, Pb] = Zab,
[Zab, Pc] = ηbc Za − ηac Zb,
[Pa, Zb] = 0, [Zab, Zcd] = 0,
[Zab, Zc] = 0, [Za, Zb] = 0. (31)
Using Theorem VII.2 of Ref. [23], it is possible to show that the
only non-vanishing components of an invariant tensor for the B5
algebra in ﬁve dimensions are given by
〈 Jab Jcd Pe〉 = 43α1	
3εabcde,
〈 Jab Jcd Ze〉 = 43α3	
3εabcde,
〈 Jab Zcd Pe〉 = 43α3	
3εabcde, (32)
where α1 and α3 are arbitrary independent constants of dimen-
sions [length]−3.
In order to write down a Chern–Simons Lagrangian for the B5
algebra, we start from the B5-valued, one-form gauge connection
A = e +ω + h + k, (33)
with
e = 1
	
ea Pa, h = 1
	
ha Za, (34)
ω = 1
2
ωab Jab, k = 12k
ab Zab, (35)
and the associated two-form curvature
F = dA + AA
= 1
	
T a Pa + 1
	
(
Dha + kabeb
)+ 1
2
Rab Jab
+ 1
2
(
Dkab + 1
	2
eaeb
)
Zab. (36)
From (33) we can separate the Chern–Simons Lagrangian for
the B5 algebra in a bulk and boundary piece using the subspace
separation method introduced in Ref. [14]. In fact, from (5) we
have
L(5)ChS(A) = L(5)T (A, A¯) + L(5)ChS( A¯) + dQ 4(A, A¯,0).
To use subspace separation method, we must consider the in-
termediate connection A¯ valued in a certain subspace of B5 (see
Ref. [14]). Our choice of A¯ is not going to change the value of the
Chern–Simons form, but it will induce just different splicings in
bulk and boundary piece.
We will choose A¯ = ω + k in order to preserve the explicit
Lorentz invariance of the bulk piece. In this case, At = A¯ +
t(A − A¯) = te + th +ω + k and therefore
Ft = t
(
de + [ω, e])+ t(dh + [ω,h] + [k, e])+
(
dω + 1
2
[ω,ω]
)
+
(
dk + [ω,k] + 1 t2[e, e]
)
, (37)2
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L(5)T (A, A¯) = α1	2εabcde RabRcdee + α3	2εabcde RabRcdhe
+ 2α3	2εabcde RabDkcdee
+ 2
3
α3εabcde R
abecedee. (38)
Furthermore, we ﬁnd that
LChS( A¯) = 0. (39)
On the other hand, we know that
Q 4(A, A¯,0) = 6
1∫
0
dt
t∫
0
ds
〈
(A − A¯) A¯ Fst
〉
, (40)
where Ast = t A¯ + s(A − A¯) = s(e + h) + t(ω + k).
So that
Q 4(A, A¯,0) =
〈
(e + h)(ω + k)
{
2dω + 2dk + 1
4
[e, e]
+ 3
4
[ω,ω] + 3
2
[ω,k]
}〉
. (41)
Introducing the above results in Eq. (5), we ﬁnd that the ﬁve-
dimensional Chern–Simons Lagrangian invariant under the B5 al-
gebra is given by
L(5)ChS(A) = α1	2εabcde RabRcdee + α3	2εabcde RabRcdhe
+ 2α3	2εabcde RabDkcdee + 23α3εabcde R
abecedee
+ d
〈
(e + h)(ω + k)
{
2dω + 2dk + 1
4
[e, e]
+ 3
4
[ω,ω] + 3
2
[ω,k]
}〉
. (42)
4.2. Gauged Wess–Zumino–Witten term
Consider now the construction of the transgression form for the
case where the two connections are related by a gauge transforma-
tion of the form Az = z−1(d + A)z. In this case we have
Az = z−1dz + z−1Az = V + H + W + K (43)
where
V = 1
	
V a Pa, H = 1
	
Ha Za, (44)
W = 1
2
Wab Jab, K = 12 K
ab Zab. (45)
Again, the stability subgroup H is given by elements of the form
exp( 12λ
ab Jab + 12κab Zab). Therefore we have to choose a group el-
ement of the form
z = e− 1	 φa Pa− 1	 ϕa Za ∈ G
H
as the one which will be used in order to perform the gWZW
gauge transformation. Using identities (23), we obtain
V a = ea − Dφa, (46)
Ha = ha + 1
	2
h˜a − Dϕa + φckca, (47)
Wab = ωab, Kab = kab + 1
2
k˜ab, (48)	where
h˜a = − 1
6	2
(
φcφc Dφ
a − φaφbDφb
)
+ 1
2	2
(
φcφce
a − φaφbeb
)
, (49)
k˜ab = −1
2
φ[aDφb] + φ[aeb]. (50)
A detailed calculation shows that L(5)ChS(A
z) is given by
L(5)ChS
(
Az
)= α1	2εabcde RabRcdV e + α3	2εabcde RabRcdHe
+ 2α3	2εabcde RabDKcdV e + 23α3εabcde R
abV cV dV e
+ d
〈
(V + H)(ω + K )
{
2dω + 2dK + 1
4
[V , V ]
+ 3
4
[ω,ω] + 3
2
[ω, K ]
}〉
. (51)
To calculate L(5)T (A, A
z) it’s necessary to ﬁnd the boundary term
Q 4(A, Az,0)
Q 4
(
A, Az,0
) = 6
1∫
0
dt
t∫
0
ds
〈(
A − Az)Az Fst 〉, (52)
where now the one-form connection is given by
Ast = s
(
A − Az)+ t Az = (t − s)Az + sA
= (t − s)(V + H +ω + K ) + s(e + h +ω + k). (53)
A more explicit expression for this boundary term is given by
Q 4
(
A, Az,0
)
=
〈(
A − Az)Az
(
dV + dH + dω + dK + de + dh + dω + dk
+ 1
4
[V , V ] + 1
4
[ω,ω] + 1
2
[V ,ω] + 1
2
[V , K ] + 1
2
[H,ω]
+ 1
2
[ω, K ] + 1
4
[e, e] + 1
4
[ω,ω] + 1
2
[e,ω] + 1
2
[e,k]
+ 1
2
[h,ω] + 1
2
[ω,k] + 1
4
[V , e] + 1
4
[V ,ω]
+ 1
4
[V ,k] + 1
4
[H,ω] + 1
4
[ω, e] + 1
4
[ω,h]
+ 1
4
[ω,ω] + 1
4
[ω,k] + 1
4
[K , e] + 1
4
[K ,ω]
)〉
. (54)
Therefore, replacing (42), (51) and (54) into the triangular equa-
tion (5), we have that the transgression Lagrangian is given by
L(5)T
(
A, Az
)
= α1	2εabcde RabRcd
(
ee − V e)+ α3	2εabcde RabRcd(he − He)
+ 2α3	2εabcde Rab
(
Dkcdee − DKabV e)
+ 2
3
α3εabcde R
ab(ecedee − V cV dV e)
+ d
〈
(e + h)(ω + k)
{
2dω + 2dk + 1
4
[e, e]
+ 3 [ω,ω] + 3 [ω,k]
}4 2
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{
2dω + 2dK + 1
4
[V , V ]
+ 3
4
[ω,ω] + 3
2
[ω, K ]
}
− (A − Az)Az
(
dV + dH + dω + dK + de + dh + dω + dk
+ 1
4
[V , V ] + 1
4
[ω,ω] + 1
2
[V ,ω] + 1
2
[V , K ]
+ 1
2
[H,ω] + 1
2
[ω, K ] + 1
4
[e, e] + 1
4
[ω,ω] + 1
2
[e,ω]
+ 1
2
[e,k] + 1
2
[h,ω] + 1
2
[ω,k] + 1
4
[V , e] + 1
4
[V ,ω]
+ 1
4
[V ,k] + 1
4
[H,ω] + 1
4
[ω, e] + 1
4
[ω,h]
+ 1
4
[ω,ω] + 1
4
[ω,k] + 1
4
[K , e] + 1
4
[K ,ω]
)〉
. (55)
Here there are several interesting particular cases. For instance,
let us notice that when we choose φ = 0, ϕ 	= 0; i.e., choosing the
group element z as
z = e− 1	 ϕa Za , (56)
we have
L(5)T
(
A, Az
)= α1	2εabcde RabRcdDϕe
= d[α1	2εabcde RabRcdϕe], (57)
which means that we can recover in this new context the case
analyzed in the last section for the Maxwell algebra (see Eq. 29),
S =
∫
M5
d
[
α1	
2εabcde R
abRcdϕe
] =
∫
M4=∂M5
α1	
2εabcde R
abRcdϕe.
(58)
On the other hand, when φ 	= 0, ϕ 	= 0 but the limit 	 → 0 is
considered, we ﬁnd that
LT
(
A, Az
)
	→0
= 2
3
α3εabcde R
ab(3ecedDφe − 3Dφc Dφdee + Dφc DφdDφe)
− α3εabcde RabRcdh˜ − 2α3εabcde RabDk˜cdV e + dΦ1 + dΦ2,
(59)
where we have deﬁned
Φ1 = −2〈eωdk˜〉 + 〈Dφωdk˜〉 − 2〈V k˜ dω〉 − 2〈Dφk˜ dω〉
+ 2〈k˜ωde〉 − 〈k˜ωdDφ〉 + 2〈k˜V dω〉, (60)
Φ2 = −3
2
〈
eω[ω, k˜]〉+ 3
4
〈
Dφω[ω, k˜]〉− 3
2
〈
ek˜[ω,ω]〉
+ 3
4
〈
Dφ k˜[ω,ω]〉− 3
4
〈
k˜ω[ω, Dφ]〉, (61)
This Lagrangian becomes simpler under some particular conﬁg-
urations of the ﬁelds. When the condition k˜ab = 0 is imposed on
the ﬁeld φa , we ﬁnd that Φ1 = Φ2 = 0. This is equivalent to require
that kab is invariant under the gauge transformation (43).
In addition, and without any loss of generality, we can proceed
as in the case for the Maxwell algebra, and to choose a fünfbein
basis in which
φi = 0, i = 0,1,2,3, (62)
φ4 = ξ 	= 0, (63)in order to get expressions which are more familiar in D = 4. Un-
der this choice of fünfbein, the components of Dφ take the form
Dφi = ωi4ξ, (64)
Dφ4 = dξ, (65)
and for the components of k˜ we have
k˜i4 = 1
2
ξDφi − eiξ, (66)
k˜i j = 0. (67)
Since the quantity k˜i j cancels itself, we have that the condition
k˜ab = 0 corresponds to
1
2
ξDφi = ξei . (68)
Given that ξ 	= 0, it means that
Dφi = 2ei = ωi4ξ. (69)
Moreover, since ωi4 = 2
ξ
ei , we can write
Ri4 = dωi4 +ωi jω j4
= d
(
2
ξ
ei
)
+ωi j 2
ξ
e j = 2
ξ
Tˆ i + d
(
2
ξ
)
ei, (70)
where
Tˆ i = dei +ωi je j. (71)
is the torsion of the 4-dimensional manifold M4 = ∂M5.
Notice that since
Ri4φ4 = DDφi = 2Dei = 2T i = 2
(
Tˆ i +ωi4e4
)
, (72)
we can write
Ri4 = 2
ξ
Tˆ i − 2
ξ2
dξ ei = 2
ξ
Tˆ i + 2
ξ2
Dφi e4, (73)
and therefore
(
dφ4 − 2e4)ei = 0. (74)
This means that the condition k˜ab = 0 takes the form
Dφa = 2ea. (75)
Furthermore, the components of h˜a , are given by
h˜i = 1
6	2
ξ2ei, h˜4 = 0. (76)
Introducing (76) into Eq. (59) we obtain
L(5)T
(
A, Az
)
	→0 =
8
3
α3κεi4 jkl R
i4e jekek + 4α3κεi jkl4Rijekele4
− 4α3κεi jk4l Ri j Rk4h˜l. (77)
Since
D2φi = Ri4φ4 = 2Dei = 2T i, (78)
we have that when M5 corresponds to a torsionless manifold, then
Ri4 = 0. In this case the transgression Lagrangian, in the limit
	 → 0 becomes an exact form. In fact,
L(5)T
(
A, Az
)
	→0 = 2α3κεi jkl Ri jekeldξ = 2α3κεi jkl Ri jekelDξ
= d[2α3κεi jkl5Rijekelξ]. (79)
S. Salgado et al. / Physics Letters B 732 (2014) 255–262 261Since the components Rij of the curvature of M5, are given by
Rij = dωi j +ωiaωaj
= dωi j +ωikωkj +ωi4ω4 j = Rˆ i j − 4
ξ2
eie j, (80)
we have
L(5)T
(
A, Az
)
	→0 = κd
[
2α3ξεi jkl Rˆ
i jekel − 8α3 1
ξ
εi jkle
ie jekel
]
. (81)
So that the gWZW action is given by
SgWZW = κ ′
∫
M4
εi jkl
[
ξ Rˆ i jekel − 4
ξ
eie jekek
]
. (82)
Thus we have proved a ﬁve-dimensional Chern–Simons action
invariant under the generalized Poincaré algebra B5 induces a
gauged Wess–Zumino–Witten term containing a Brans–Dicke-like
action principle [35]. Even further, in the case when ξ is constant
on M4 = ∂M5 it does corresponds to the standard Einstein–Hilbert
Lagrangian with cosmological constant. Here it is important to no-
tice that 	 is not related to any sort of “universe radius”. In fact,
the 4-dimensional cosmological constant is related to ξ−1 and has
nothing to do with the parameter 	 (in strong contrast to the stan-
dard 4-dimensional case, where Λ = 3
	2
). From the 5-dimensional
perspective, it seems natural to think of 	 as a fundamental length;
perhaps of the order of magnitude of the Planck length. In that
case, it seems to make sense to consider 	 = 0 in a classical varia-
tional principle, as we have done.
5. Conclusions
We have shown two main results:
1. A ﬁve-dimensional Chern–Simons action, invariant under the
Maxwell algebra B4, induces a gauged Wess–Zumino–Witten
term that coincides with the topological gravity of Chamsed-
dine in four dimensions,
SB4gWZW =
1
4
κ ′
∫
M4
ξεi jkl R
i j Rkl.
2. A ﬁve-dimensional Chern–Simons action invariant under the
generalized Poincaré algebra B5 induces a gauged Wess–
Zumino–Witten term containing a Brans–Dicke-like gravity in
D = 4,
SB5gWZW = κ ′
∫
M4
εi jkl
[
ξ Rˆ i jekel − 4
ξ
eie jekek
]
. (83)
In the context of the second action principle SB5gWZW, similar
results have been found in the literature trough gauged Wess–
Zumino–Witten terms, using more “standard” algebras and mech-
anisms as topological defects (see Refs. [36,17,18]). In the cur-
rent Letter, we have shown an alternative path, where enlarged
symmetries belonging to the Maxwell algebra family produce
4-dimensional gravity as a gWZW term, and where the limit 	 → 0
is the one necessary in order to recover Einstein–Hilbert dynam-
ics (both in the odd-dimensional Chern–Simons case and in the
even-dimensional gWZW case). In this context, the 4-dimensional
cosmological constant is related to the ﬁeld ξ , and 	 seems not to
be related to any sort of “universe radius”. In fact,it seems much
more likely to relate 	 to the Planck length.The ﬁrst action principle SB4gWZW is interesting by itself. It has
been used in the literature as a four-dimensional source of torsion,
with interesting cosmological consequences. This may seems sur-
prising: since it is just proportional to the Euler density, this kind
of term would seem superﬂuous in an action principle. However,
it is not the case. Actually, it can be considered as the gravitational
generalization of the ’t Hooft [37] solution trough instantons of the
U (1) problem; the scalar ﬁeld provides us with non-trivial dynam-
ics. In fact this term has been thoroughly studied in the literature.
It was introduced in Ref. [3] as even-dimensional topological grav-
ity (see also a similar construction with the Pontryagin density
in Ref. [38]). More recently, this term has been show to lead to
non-trivial torsional dynamics, and even more, it seems to have
interesting consequences in cosmology [39,40].
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Appendix A. The S-expansion procedure
Let S = {λα} be an abelian semigroup with 2-selector Kαβγ de-
ﬁned by
Kαβ
γ =
{
1 when λαλβ = λγ
0 otherwise,
(84)
and g a Lie (super)algebra with basis {TA} and structure constant
CAB C ,
[TA,TB ] = CABCTC . (85)
Then it may be shown that the product G= S ×g is also a Lie (su-
per)algebra with structure constants C(A,α)(B,β)(C,γ ) = Kαβγ CAB C ,
[T(A,α),T(B,β)] = CABCT(C,γ ). (86)
The proof is direct and may be found in Ref. [23].
Deﬁnition 1. Let S be an abelian semigroup and g a Lie algebra.
The Lie algebra G deﬁned by G= S × g is called S-expanded alge-
bra of g.
When the semigroup has a zero element 0S ∈ S , it plays a
somewhat peculiar role in the S-expanded algebra. The above con-
siderations motivate the following deﬁnition:
Deﬁnition 2. Let S be an abelian semigroup with a zero element
0S ∈ S , and let G = S × g be an S-expanded algebra. The algebra
obtained by imposing the condition 0STA = 0 on G (or a subalge-
bra of it) is called 0S -reduced algebra of G (or of the subalgebra).
An S-expanded algebra has a fairly simple structure. Interest-
ingly, there are at least two ways of extracting smaller algebras
from S × g. The ﬁrst one gives rise to a resonant subalgebra, while
the second produces reduced algebras.
A useful property of the S-expansion procedure is that it pro-
vides us with an invariant tensor for the S-expanded algebra G =
S × g in terms of an invariant tensor for g. As shown in Ref. [23],
Theorem VII.2 provide a general expression for an invariant tensor
for a 0S -reduced algebra.
262 S. Salgado et al. / Physics Letters B 732 (2014) 255–262TheoremVII.2 of Ref. [23]. Let S be an abelian semigroup with nonzero
elements λi , i = 0, . . . ,N and λN+1 = 0S . Let g be a Lie (super)algebra
of basis {TA}, and let 〈TAn · · ·TAn 〉 be an invariant tensor for g. The ex-
pression
〈T(A1,i1) · · ·T(An,in)〉 = α j Kia···in j〈TA1 · · ·TAn 〉 (87)
where α j are arbitrary constants, corresponds to an invariant tensor for
the 0S -reduced algebra obtained fromG= S × g.
Proof. The proof may be found in Section 4.5 of Ref. [23]. 
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